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Abstract. In this paper we analyze simple computations with spiking
neural networks (SNN), laying the foundation for more sophisticated calculations. We consider both a deterministic and a stochastic computation framework with SNNs, by utilizing the Izhikevich neuron model in
various simulated experiments. Within the deterministic-computation
framework, we design and implement fundamental mathematical operators such as addition, subtraction, multiplexing and multiplication.
We show that cross-inhibition of groups of neurons in a winner-takes-all
(WTA) network-configuration produces considerable computation power
and results in the generation of selective behavior that can be exploited
in various robotic control tasks. In the stochastic-computation framework, we discuss an alternative computation paradigm to the classic von
Neumann architecture, which supports information storage and decision
making. This paradigm uses the experimentally-verified property of networks of randomly connected spiking neurons, of storing information as
a stationary probability distribution in each of the sub-network of the
SNNs. We reproduce this property by simulating the behavior of a toynetwork of randomly-connected stochastic Izhikevich neurons.
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Introduction

Contemporary models of neural-computation are based on mathematical abstractions capturing the main principles underlying information processing within
the nervous system of animals [2]. These models have also to consider other criteria, such as the speed of information processing, robustness, plausibility of
parameters, and complexity of parameter optimization. For the development of
neural-computation blocks, two key modeling components are required: 1) A
suitable model for neurons, and 2) A proper model for their connectivity.
Suitable neuron model. Various single-compartment models for the neurons
building up a spiking neural network (SNN) have been proposed, imitating the
way the brain processes information [2–4]. Examples include the biologicallyinspired Hodgkin-Huxley model (HH) [5], the leaky integrate-and-fire model
(I&F) [6], and the Izhikevich neuron model (INM) [7]. HH has biologically
meaningful and physically measurable parameters. It can reproduce all the

neuro-computational features of real neurons, while being computationally expensive. I&F on the other hand, is the simplest way of modeling spiking activities, where an action potential is generated by accumulating a graded potential
that is thresholded with a firing function. Although I&F is computationally
cost-efficient, it fails to reproduce most of the spiking patterns generated by real
neurons. INM benefits from both efficiency and generality. It consists of two
ordinary differential equations (ODE), including four tuneable parameters, with
which various firing patterns of the biological neurons are reproducible.
Connectivity model. Synapses are information-transmission relays, from presynaptic, to post-synaptic neurons, respectively. The dynamics of the information transmission depends on several mechanisms, such as, the neurotransmitter
concentration at the pre-synaptic neuron, the receptors concentration at the
post-synaptic neuron, the state of activation of the pre-synaptic neuron, as well
as the neurotransmitters-secretion dynamics [8]. In the next section, we design
a synapse model (SM) which includes such dependencies.
Using the (energy-efficient) neural-processing blocks, we define small-scale
neural networks, underlying more complicated computations. Arithmetic using spiking neurons, can be performed in either a deterministic- [9–11], or in a
stochastic-computation paradigm [12–14]. Within the deterministic paradigm,
we show how several simple, rate-based mathematical operations, such as, addition, subtraction, multiplexing, and multiplication, can be performed efficiently
within the INM and the SM. Addition and subtraction are designed inspired by
the temporal summation of the graded potential, at the junction of a group of
pre-synaptic neurons, with a post-synaptic neuron [15]. We design a selective
filter, by employing a lateral cross-inhibition of a region of neurons, in a winner
takes all (WTA) architecture [16]. We then employ this structure, to design a
novel spike-rate neural-multiplier circuit. Finally, we suggest small-scale neural
nets that can be feasibly employed in the robotic control processes.
Within the stochastic-computation paradigm, we reproduce a major property of the stochastic, randomly-structured SNNs, initially suggested, and analytically proved, by Habenschuss et.al. in [1]: Within an arbitrarily structured
stochastic SNN, subjected to external inputs, there exists a stationary, spikingactivity probability distribution of the SNN, which resembles a mechanism of
knowledge storing, within the firing states of the network. Here, we repeat this
experiment by using the INM, and recapitulate the achieved results.
The rest of the paper is organized as follows: In Section 2, we describe the
deterministic computational model, based on the INM and the SM. Within the
same section, we design the mathematical operators, such as addition, subtraction, selective element, and multiplication. In Section 3, we discuss the stochastic computational power of the spiking neurons on storing knowledge through a
small-scale SNN. Section 4 concludes with a review of our results.
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Deterministic Computations with INM and SM

In this section we design fundamental mathematical operators, including addition, subtraction, multiplication and multiplexing, by using the INM and the
SM. First, we briefly introduce the neuron model. Then, we describe a synapse
model implementation and correspondingly, we develop the arithmetic networks.
2.1

Izhikevich Neuron Model (INM)

INM [7], is a computationally cost-efficient model, which can reproduce many
biologically realistic spiking patterns generated by the nerve cells. The model
comprises a quadratic ODE modeling the membrane potential v, and a linear
ODE representing a membrane recovery variable u, as follows:
dv
= 0.04v 2 + 5v + 140 − u + I
dt
du
= a(bv − u),
dt
where v and u get reset after each spike with the following rule:
(
v ←− c
if v ≥ 30 mV, then
u ←− u + d.

(1)
(2)

(3)

and a, b, c and d are dimensionless parameters standing for the time constant
of the recovery variable u, sub-threshold oscillations of the membrane potential,
after-spike reset value for the membrane potential and after-spike reset value of
the recovery variable u, respectively. By tuning these parameters one can recreate various neuro-computational properties of a real nerve cell, including tonic
spiking, fast spiking, chattering (see [4] for a complete list of spiking patterns).
2.2

Synapse Model (SM)

Within a neural network, information is transferred through synapses. They
allow the pre-synaptic neurons to control the membrane potential of the postsynaptic neurons. If a synapse causes an increase of the post-synaptic membrane
potential, it is called excitatory, otherwise it is called inhibitory.
An action potential from the pre-synaptic neuron results in the secretion of
neurotransmitters that induces a change in conductance of the post-synaptic
neuron [6]. Based on Ohm’s law, such current can be modeled as:
Isyn = G(vpre )(Esyn − vpost ),

(4)

where G(vpre ) is the conductance of the synapse which depends on the presynaptic potential vpre and Esyn is the the membrane reversal potential. If
Esyn ≥ 0, the synapse is excitatory, otherwise the synapse is inhibitory.

A proper approximation of G(vpre ) is the total concentration of neurotransmitter release as a result of a pre-synaptic action potential:
G(vpre ) =

Gmax
,
1 + e−(vpre −vth )/vst

(5)

where Gmax is the maximum conductance of a synapse representing the maximum concentration of the available neurotransmitters. and vth and vst determine
the threshold and stiffness of the release, respectively [6].
We have implemented a Simulink model of the described synapse. In this
synapse model the parameters are chosen as follows: Gmax = weight of the
synapse, vth = −45mV , vst = −4mV , Esyn = 0mV for excitatory synapses and
Esyn = −90mV for inhibitory synapses.
2.3

Mathematical-Operators Implementation

In this section we use the INM and the SM in order to design task-specific
networks of spiking neurons. For this purpose, we implement a Simulink model
of the INM for creating basic math operators such as addition, subtraction,
multiplexing and multiplication. First, we use three particular sets of parameters
of the INM for designing operator networks which results in producing tonic
spiking, fast spiking and chattering spiking patterns, presented in Table 1.

Table 1. The parameters a, b, c, and d for three spiking patterns.
Spiking Pattern

a

b

c d

Tonic Spiking (TS) 0.02 0.2 −65 8
Fast Spiking (FS) 0.1 0.2 −65 2
Chattering (CH) 0.02 0.02 −50 2

Addition and subtraction Implementation Given the spiking patterns defined above, we implement addition (subtraction) by summing up (subtracting)
the rates of the spikes generated from two pre-synaptic neurons, within a time
interval τ . To this end, we introduce a third neuron with TS activity, which is
a post-synaptic neuron to those input neurons.
If both input neurons excite the post-synaptic neuron then the spiking activity of this neuron, given proper synaptic weights, will be the sum of that of
pre-synaptic neurons. Figure 1A illustrates the addition network architecture
together with an example of its input/output spiking activities.
With the same network architecture, one can model subtraction, if one of the
two pre-synaptic input neurons inhibits the post-synaptic neuron. By choosing
the correct weight for the SM, the network outputs the difference of the rates of

A. Addition neural circuit

B. Subtraction neural circuit

Fig. 1. Addition and subtraction computational networks within a 100s timeinterval τ . A) Two input neurons’ spike-rates are summed up by merging their
outputs to a single post-synaptic neuron. Simulation results are shown at the
bottom. B) Subtraction of two input firing-rates is performed by excitation
through the the first neuron and inhibition through the second neuron. Simulation results of such network are shown on the bottom.

the spiking activity of the two input neurons, (See figure 1B for a subtraction
network realization together with an example of input/output spiking activities).
The proposed architecture is generalizable to addition or subtraction of the
spiking activity of n input neurons. In the general case, for each input number
we need an input neuron. Therefore, the total number of neurons for addition of
n spike-rates, is n+1. The CPU time for the simulation of adding two spike-rates
within a 100s time interval is calculated as 0.81s. Within a 100s calculation time
interval each input neuron can have a maximum of 50 spikes in order to deliver
the correct output results. This is due to the refractory period of individual
neurons. However, the addition of larger numbers than 50 is possible in two
different ways: 1) Using neurons with a FS configuration where more spikes
can be generated within the same time interval. 2) Increasing the calculation
time interval τ . Figure 2 depicts the relationship between the calculation time
interval τ and the cpu time of the Simulink simulations.

Selective-Element (SE) Implementation A winner takes all (WTA) configuration of neurons, where neurons laterally cross-inhibit each other creates a
selective behavior for the network. Figure 3 shows the SE structure: Spiking
neurons are cross-inhibiting each other. As long as the inputs to all neurons are
the same, the output stays at its equilibrium state. Once one of the inputs varies
from the others, the SE outputs the response of that specific neuron. Depending
on the number of inputs n, we need n+1 neurons, 2n+1 excitatory synapses and
n2 − n inhibitory synapses, in order to create the SE. We employ our selective
structure for designing a spike-rate-multiplier network.
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Fig. 2. MATLAB/Simulink CPU time as a function of the calculation time
interval τ . Note that τ -axis is plotted in log-scale.

Fig. 3. Winner takes all (WTA) structure of the SE. Blue circles are spiking
neurons. Green (red) arrows represent excitatory (inhibitory) synapses.

Multiplication Implementation Multiplication of spike rates is a costly operation within the INM and SM models. This should be no surprise, as multiplication is a costly operation in current micro-processors, too. In most cases, it is
reduced to a repeated addition, where one of the inputs dictates the number of
additions. Moreover, while amplitude is encoded in hardware in space (number
of bits), this is encoded in neural circuits in time (number of spikes in a given
interval). As a consequence, in order to know the magnitude of the operands,
one needs first to wait for the given interval, before performing multiplication.
For full generality, if the inputs are stochastic, we have to initially set a time
interval τ1 , where we read the spike-rate of the second neuron m2 . The first
input neuron m1 is pre-synaptic to all the inputs of an n × 1 SE designed as

Fig. 4. Spike-rate Multiplier Network. Top) The multiplier neural circuit multiplies the rate of the firing of two input neurons. The first input neuron is
pre-synaptic to the neurons of the SE and the rate of firing of the first neuron
is calculated by using a readout circuit that selects what the desired multiplication path is. Bottom) An example of the performance of the multiplier network.
Firing-rate of 3 of the neuron N1 (blue), is multiplied with that of neuron N2
(red), which is 4. As a consequence, the network produces 12 spikes (black)
which is the desired result. The time interval is set to 100s.

above. The neurons of the SE are configured such that A1 , in case of activation,
produces one spike for every pre-synaptic action potential, neuron A2 produces
two, neuron A3 three, and neuron An produces n spikes upon arrival of a presynaptic action potential. This is achieved by setting up the neurons in TS, FS
and CH spiking configurations. Within a calculation time interval τ2 , through
a readout circuit consisting of a spike-counter and a demultiplexer, we vary the
synaptic connection of the Ai neuron of the SE corresponding to the spike-rate
of the second neuron m2 . The SE therefore chooses to multiply the spike-rate
of neuron m1 with m2 which is the desired operation.

Figure 4 shows the structure of the multiplier in Simulink. The circuit is able
to multiply any spike-rate of neuron N1 , with 1, 2, 3 or 4 which are the allowed
spike-rates neuron N2 . This limitation is due to the SE, which includes only 4
neurons. Neuron N1 simultaneously branches to the neurons of the SE. The spike
rate of neuron N2 , defines the path selected by a readout demultiplexer. It makes
the synaptic weight of the target multiplication slightly higher than the other
inputs to the SE. Finally, at the output we see the result of the multiplications as
the spike-rate of neuron N7 . The CPU time for the simulation of the multiplier
block within a 100s time interval is calculated as 1.3s.
In general, for multiplying two spike-rates, m and n, one needs 2 input neurons, n + 1 neurons within the SE, 2n excitatory, and n2 − n inhibitory synapses,
respectively. If the input to the network is deterministic, the circuit estimates
the number of firing activities of the second neuron (which is configured in a TS
mode). Therefore there is no need for the initial time interval τ1 .
It is worth noting that more and more experimental evidence supports the
existence of neurons capable of exponentiation and logarithm [17]. Using such
neurons multiplication becomes very cheap: m ∗ n = exp(ln(m) + ln(n)).
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Stochastic Computations: Storing Knowledge in the
Form of a Probability Distribution using the INM

In this section we use the INM and the SM for reproducing the following hypothesis: There exists a stationary probability distribution, of firing activity of
neurons, in a randomly-connected recurrent SNN [1].
The hypothesis suggests that a significant amount of information is stored
in regions of the SNN forming a stationary probability distribution [1]. Such
structure in the brain presumably results in fast decoding of information, when
necessary, and facilitates the process of decision making (see e.g. [18, 19]).
This stationary-probability model defines an alternative computation model
to conventional computers, which sequentially store the data on a hard disk [12].
Below, we create a small SNN with the INM and the SM, and capture such a
stationary-probability property in a networks of spiking neurons.
3.1

Convergence of Network-States to a Stationary Distribution

It has been observed that in a network of randomly connected spiking neurons,
in presence of noise, the state of the spiking activity of the neurons, within a
predefined time interval, follows a stationary probability distribution, for the
entire network, and for any subgroup of the network [1]. More precisely:
Theorem: Considering an arbitrary SNN, C, in presence of noise, and a set
of input neurons I = 1 . . . N , which stimulate the network with different rates
xi (t). For an input with constant firing-rate or any generated input which obeys
Markov properties, the firing activity of the neurons of the network follows a
stationary probability distribution pc (y|x), of network states y. This is true for
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Fig. 5. Inference in a randomly structured recurrent SNN. A) Network of 12
spiking neurons wired in a random topology. Input neurons are shown in black,
excitatory neurons and synapses in blue and inhibitory ones are colored in red.
B) Firing activity of 10 neurons of a random recurrent SNN in a 200ms timewindow from a 2000ms-simulation of the network. The green interval (10ms)
indicates a simple state in which we observe as the firing activity of the subgroup of neurons N2 , N7 , and N8 . Their representative state at this interval
is (1, 1, 1), where they all fire action potentials. C) Stationary distribution of
spiking activity of the sub-network N2 , N7 , N8 , in the state in which all of them
have spiking activities, (1, 1, 1), within a time interval 10 µ s.

any subgroup of C, where a marginal stationary distribution pc (ŷ|x), of network
states ŷ exists, to which the sub-network exponentially converges [1].
In the following, we design a small network and investigate its spiking activities. Figure 5A represents a network of 10 spiking neurons, stimulated by
two input neurons, I1 and I2 , which fire at a constant rate. The network comprises seven excitatory neurons and three inhibitory neurons hardwired through
synapses. Each Izhikevich neuron (tuned for tonic spiking (TS) configuration)
is fed by a white noise source which makes the neuron spike stochastically. The
firing activity of the neurons in a 200ms time-window taken from a 2000ms
simulation of the recurrent SNN is shown in Figure 5B.
Let a simple-state of the firing activity of a subgroup C of neurons be defined
as their firing activity (regardless of the rate of spikes) within a time interval
θ. For instance, if we take the firing activity of neurons N2 , N2 and N8 in the
green time interval shown in Figure 5B, their corresponding state is determined
as (1, 1, 1) where they are all generating action potentials. Therefore, for this
subset of three neurons, seven possible states can be determined, as we do not
count the silence state (0, 0, 0).
We now quantify the frequency of such a state during a simulation, and perform sampling to compute its probability distribution. For instance, we sample
the simulation described above for 10000 times and calculate the probability of
the occurrence of the state (1, 1, 1) for the marginal network consisting of neurons N2 , N7 and N8 over the simulation time. Figure 5C depicts the normalized
frequency of the state. The frequency remains constant over the simulation time.
This result indicates that certain input data to a hardwired recurrent SNN
can be stored in the form of a probability distribution of spiking activity of the
neurons. Potential applications of such a powerful property of spiking neural
networks include, solving constraint satisfaction problems, which are out of the
scope of this paper. The interested reader is referred to [12, 20, 21].

4

Conclusions

This paper described deterministic and stochastic computations with small-scale
spiking neural networks. In the deterministic-computation framework, we created addition and subtraction circuits with the Izhikevich spiking neuron model.
We continued by exploring the power of mutual inhibition of groups of spiking
neurons, by defining a winner-takes-all (WTA) configuration. We showed that
WTA exhibits a multiplexing behavior, that can be useful for many control tasks.
In particular, we used WTA for designing a multiplication circuit.
In the stochastic-computation framework, we reproduced an important property of networks of randomly connected spiking neurons: The storage of knowledge within the states of the network, as the firing shape of a stationary probability distribution. We employed stochastic Izhikevich neurons for designing an
SNN in a random topology, and computed the frequency-rate of a marginal state
of the network, in a simulated experiment. We observed that the probability of

the occurrence of such a state, remains constant over the simulation time, which
illustrates the correctness of the theorem.
For future work, we aim to utilize our computational elements, in the control
of common robotic tasks, such as moving objects with a robotic arm, motion
planning with rover robots, and stabilization of quad-copters.
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