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Abstract. In this paper we evaluate how the seminal, biophysical Hodgkin Huxley model, and the hardware-efficient TrueNorth model of spiking
neurons can be used to perform computations on spike rates in frequency
domain. This side-by-side evaluation allows us to draw conclusions on
how fundamental arithmetic operations can be realized by means of spiking neurons, and what assumptions should be made on the input to
guarantee the correctness of the computed result. We validated our approach in simulation and consider this work as a first step towards FPGA
implementation of neuromorphic accelerators based on spiking models.
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Introduction

Neuroscience and computer engineering are fundamentally different: The purpose of the former is to understand a nervous system and to develop models
capable of explaining its function (it goes from the physical world to models).
The purpose of the latter is to realize a hardware system that satisfies a given
set of requirements (it goes from models to the physical world). Despite of these
differences, neuroscience influenced (e.g. McCulloch & Pitts [1]) and is still influencing the development of computer hardware, resulting in dedicated chip
architectures [2–4]. When designing efficient computing systems, it is vital to
understand the brain, and employ principles from nature in hardware design.
We believe that neuromorphic hardware accelerators [5], that co-exist together with the traditional CPU infrastructure, will allow to extend the functionality of hardware systems, add flexibility to existing designs, retain established
design flows, and reduce overall costs when implemented on a custom-of-the-shelf
(COTS) general purpose hardware. Our goal is to develop an open-source implementation of neural models, capable of performing computations on FPGAs,
to allow inherently parallel, reconfigurable, and easily accessible on the market
solutions, which leverage existing design tools.
To achieve our goal and build efficient hardware implementations, it is essential to understand how to perform fundamental arithmetic operations. They are
the basis for higher-level, complex processing. In order to analyze the similarities
and fundamental differences of computing in biological and hardware systems, we
study two spiking neural models: The biophysically-accurate, yet computationally plausible, Hodgkin & Huxley neural model [6], extended with the synapse

model from [7]; The digital, and hardware-efficient, TrueNorth model [4]. Apart
from traditional models of artificial neurons (e.g. perceptrons with sigmoidal activation function), the two models studied use a spike as the main mechanism
to communicate between neurons.
The contributions of this paper can be summarized as follows:
– We formally define the problem of computing an arbitrary function over
spike rates in a neural network;
– We discuss how arithmetic operations can be implemented both using biophysical and digital neural models;
– We elaborate on the role of assumptions on the inputs in order to obtain the
correct computation results for both models.
The rest of the paper is organized as follows: Section 2 discusses the related
work, and Section 3 provides a short description of the spiking models under
study. Section 4 formalizes the task of computing a function with neural models. Section 5 elaborates on performing computations with Hodgkin-Huxley and
TrueNorth neural models. Section 6 concludes and discusses future work.
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Related Work

Modelling a neuron at a biophysical level is a challenging task. Each neuron has
on the order of 104 of synapses [8]. State-of-the art models account for about 20
ionic channels, 150 state variables and 500 parameters [9]. Moreover, since the
synapses are structurally and functionally plastic devices, the dendritic spines
of the neuron [10] and the efficacy of synapses change during the operation (e.g.
spike-time dependent plasticity [11]). We are aware that taking into account the
geometrical topology allows to increase the expressiveness and perform orientation selectivity in the dendritic inputs [12]. However, to remain computationally
efficient, we consider only the single-compartment neural models [13].
In a seminal paper [6], Hodgkin and Huxley presented a conductance-based
spiking neural model, describing the dynamics of generating an action potential,
and the role and function of the sodium and potassium ionic channels. The
model of Hodgkin and Huxley is biophysically accurate [14], and has been refined with other type of ionic channels [9]. A neuron is modelled as an active
RC-circuit, in which the ion channels open in response to the influx of an external current stimulus. The membrane potential, and the inward- (sodium), and
outward- (potassium) currents are modelled as a set of differential equations. Although many software and hardware implementations (e.g. [15, 16] and [17–20]
respectively) of the Hodgkin and Huxley model are available, no work studied
computations with spike rates and explicitly compared the biophysical model
with hardware-optimized spiking models, to the best of our knowledge.
Cassidy et.al. introduced in a series of papers [4,21,22], the TrueNorth hardware architecture, which is based on a versatile spiking neuron model. The
TrueNorth model [4] is digital, with all the parameters being either integers
or boolean values, since floating point computations are expensive in hardware. At each time step, the digital neuron performs three computational steps:
(1) Synaptic integration, (2) Leak integration, (3) Threshold-fire-reset. Although
the authors implemented the architecture on the dedicated hardware chip, it is
not available on the market. We aim, on the contrary, to develop neuromorphic
hardware accelerators on FPGAs and ZYNQ architecture in particular, which

are widely available, have an established design flow, and allow AXI-style communication between the processing system and the programmable logic. In this
work we implemented a python open-source simulation of both biophysical and
digital models, and consider this as a first step towards a hardware implementation of neuromorphic accelerators on a ZYNQ FPGA processing system.
In our previous paper [23], we showed how to use the TrueNorth model to
monitor MTL specifications on FPGA over discrete time. Although at every time
step, the neural circuit computed the verdict of a temporal logic specification
ϕ, the result of this computation was an all-or-none boolean output. In this
paper we interpret the spike-rate as an integer number, thus allowing both the
qualitative and the quantitative analysis within the same framework.
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Neuron and Synapse Modeling

In this section we succinctly recap the neural and synapse models that we study.
3.1

Modeling Neurons

The Hodgkin-Huxley Neuron model qualitatively describes the dynamics
of the membrane potential, as a function of the activation and inhibition of
ionic channels, such as, the sodium and potassium channels, as well as, the leak
channel [6]. The model comprises a set of four ordinary differential equations
(ODE)s, describing the properties of an excitable neuron as follows:
Cm

dVm
= −(ḡK n4 (Vm − EK ) + ḡN a m3 h(Vm − EN a ) + ḡl (Vm − El )) + Iin , (1)
dt

where Cm and Vm are the membrane capacitance and membrane potential; ḡK ,
ḡN a and ḡl are the conductances of the potassium, sodium and leak channels,
respectively; EK , EN a and El represent the reversal potential of the channels; n,
m and h are voltage-dependent gating variables for the potassium channel activation, sodium channel activation and sodium channel inactivation, respectively.
For the detailed description the reader is referred to [6].
The TrueNorth Neuron Model proposed by IBM in [4], extends the leakyintegrate-and-fire model. We review the deterministic part of the TrueNorth
model below. For an extended explanation, the reader is referred to [4].
Synaptic Integration is the first computational step where every neuron sums up
the products of its inputs Ai (t) and weights sij . Every input is enabled by a flag
wij . The result is added to its previous membrane potential Vj (t − 1). Although
in the original model the maximum number of inputs is bounded by 255, we
drop this restriction and assume that every neuron has a configurable N ∈ N
number of inputs (the original assumption comes from the chip restrictions):

Vj (t) = Vj (t − 1) +

N
X
i=0

Ai (t) wij sij

(2)

Leak Integration accounts for energy dissipation, self-stimulation, and convergence to an equilibrium in the absence of input. A TrueNorth neuron nj can
exhibit negative, zero or positive leak λj . To express divergent and convergent
leak behaviors the leak reverse flag j can be set: in this case the leak changes
its sign with the membrane potential’s sign (i.e., when the signs are different,
the leak forces Vj converge to zero).
Ωj = (1 − j ) + j sgn(Vj (t))

(3)

Vj (t) = Vj (t) + Ωj λj

(4)

Threshold, Fire, Reset is computed at each time step to generate the binary “allor-none” output (spike or no spike). A neuron nj possesses a positive threshold
αj and a negative threshold βj . When the membrane potential Vj exceeds αj ,
the spike is generated, and the membrane potential is reset. The TrueNorth
model is extended with three reset modes γj : 0 = normal, 1 = linear, or 2 = nonreset. When Vj falls below βj , no spike is generated, although the membrane
potential is updated depending on the reset mode γj and the saturation flag κj .
Vj (t) ≥ αj
Spike
γj = 0 : Vj (t) = Rj
γj = 1 : Vj (t) = Vj (t) − αj
γj = 2 : Vj (t) = Vj (t)
elseif Vj (t) < −βj
if κj = 1
Vj (t) = −βj
else
γj = 0 : Vj (t) = −Rj
γj = 1 : Vj (t) = Vj (t) + βj
γj = 2 : Vj (t) = Vj (t)
if

3.2

(5)
(6)

(7)
(8)

(9)

Modeling Synapses

In order to model the current flow between neurons in the Hodgkin-Huxley model
(as it accounts for external current stimulus), we implemented three models of
synaptic conductance gsyn from [7] and assume that Isyn ∝ gsyn . The first model
(exponential decay) assumes that ionic channels open instantaneously upon an
arrival of a presynaptic action potential and then gsyn decays exponentially:
gsyn (t) = ḡsyn e−(t−t0 )/τ .

(10)

The alpha function [24] takes into account that the opening of ionic channels
is not instantaneous, and introduces additional parameters into the model:
gsyn (t) = ḡsyn

t − t0 1−(t−t0 )/τ
e
.
τ

(11)
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Fig. 1. Normalized EPSC in response to pre-synaptic action potentials (Vpre )

A more comprehensive representation of the dynamics of synaptic conductance, can be modeled by using a difference of exponentials, where the rise and
the decay times are explicitly introduced [7]:
gsyn (t) = ḡsyn (e−(t−t0 )/τdecay − e−(t−t0 )/τrise ).

(12)

We implement the above models of synaptic conductance (Eq.10-12) and
employ them in the design of arithmetic operations using the Hodgkin-Huxley
model. Figure 1 depicts the normalized excitatory post-synaptic current (EPSC)
for synapse models in response to the presynaptic action potential; Tab. 1 lists
the parameters of the models studied in this work.

Table 1. Parameters of neuron and synapse model
Model
Parameters
Hodgking-Huxley model Cm , ḡK , ḡN a , ḡl , EK , EN a , El , α{K,N a} , β{K,N a}
TrueNorth model
Aj , wj , sj , λj , j , γj , αj , βj , κj
Exponential Decay
ḡsyn , τ
Alpha function
Double-exp Synapse
ḡsmax , τrise , τdecay
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Problem formulation

Since we study the computation of biophysical, as well as, digital neural models,
we assume the following: (i) The biophysical model operates over real time and
real-values, and it is simulated with a pre-defined rational-value integration step
∆t = rq , where q, r ∈ N. (ii) To be efficiently hardware-realizable, the digital
neural model operates over discrete time and finite-value domain. A trial is an
execution of a neural circuit for a time interval [0, T ].
Each neuron ni = (M, paramsi , Vi , si , li ) is characterised by (i) An underlying model M, (ii) A set of parameters paramsi , (iii) Its membrane potential
Vi , (iv) A binary spike output si , and (v) The label li ∈ {in, interm, out} of
a neuron. For a neural network N = {n1 , · · · , nm } of m neurons we define its
computation C over a time interval in the following way: C : [0, T ] 7→ V m ∪ S m ,
where V m = {V1 , · · · , Vm } and S m = {s1 , · · · , sm } are membrane potentials and
spikes of neurons in the network N respectively.

A spiking activity of a neuron ni over a trial is defined as a mapping [0, T ] 7→
si . We assume that a neuron ni encodes numbers in a spike-count rate r [25],
and measures spiking activity over a time window w ⊆ [0, T ] of the length kwk:
P
si [t]
ri = t∈w
.
(13)
kwk
The task of computing a function f in a neural network N , can than be
formulated as follows: For a given neural model M, find a number of neurons
with labels interm, out, and their corresponding parameters params, such that:
r{out1 ,···outn } = f (r{in1 ,··· ,inm } )
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Computations with Neural Models

In this section we describe computations with the Hodgkin-Huxley and the
TrueNorth neural models. The circuit topology for the two-argument operations is shown in Fig. 2. Input neurons (blue and green) provide spikes with
rates r1 and r2 to the computing neuron n3 , which outputs the result f (r1 , r2 ).
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Fig. 2. Neural models for computations on spike rates: The TrueNorth model (left)
assumes that neurons are connected with discrete weights. For Hodgkin & Huxley
model (right) we introduce the synaptic connections between neurons.

5.1

Computing Addition

Addition using the TrueNorth model is realized as follows: we configure
the output neuron n3 in the linear reset mode (γ = 1), the input weights and
the positive threshold are set to one. This allows to: (i) Generate a spike in
the out neuron whenever an action potential is generated by the in neurons;
(ii) Memorize in the membrane V3 if two spikes happened at the same time
instant, and temporally separate output spikes over the adjacent time steps.
Without any assumptions on the input, if the membrane potential is empty at
the end of the trial, then the result of addition is correct. If, however, both inputs
arrive at the end of the trial, the output neuron may not be able to generate
the correct result when the number of the remaining time steps in the trial is

600

1000

1000

1000

500

800

800

800

600

600

600

400

400

400

200

200

200

time steps

# of spikes

less the value of the membrane potential. This can be mitigated by extending
the length of the trial for the output neuron. However, we avoid this extension,
in order to keep function composition simple. Moreover, we assume a random
arrival time on the input, which is implemented in the TrueNorth model as the
“rate-store” function [4]; Fig. 3 shows the corresponding simulation results.
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Fig. 3. Addition in the spike rates with TrueNorth model: blue + green = red (n1 –
blue; n2 – green; n3 – red). We performed 1000 simulation trails for 1000 time steps
each. The leftmost plot shows the dependence between input and output spike rates
for all the trials. Subsequent 1000 × 1000 plots present the spiking activity of input
and output neurons over time during all the trials: a black pixel with coordinates (i, j)
denotes a spike in trial i (horizontal axes) at a time step j (vertical axes).

Addition using the Hodgkin-Huxley model crucially depends on the underlying synapse model. Unlike TrueNorth, the biophysical Hodgkin-Huxley
model is not able to memorize the occurrences of two simultaneous spikes from
both inputs in the membrane potential Vm . Furthermore, one needs to account
for the refractory period, in which no action potential can be initiated. To obtain
correct results it is vital to distribute the synaptic current over the time, such
that after the refractory period the output neuron still receives enough stimulation. The alpha-function and the difference-of-two-exponentials can be used to
perform addition with the Hodgkin-Huxley model. Fig. 4 shows the simulation
results of a trial, where the synapses are modelled as alpha-functions.
The fact that at the end of the trial the membrane potential Vm stabilizes
at the resting value for a time Tstable ∼ 10ms, is a necessary but not sufficient
requirement, for producing the correct results.
5.2

Computing Constant Multiplication

Constant multiplication using the TrueNorth model is implemented as
follows: for each occurrence of the input spike, the output neuron generates C
spikes, hence the strength of the connection (i.e. its weight) is proportional to
C. The output neuron n3 is set to the non-reset mode (i.e. γ = 2) to be able
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Fig. 4. Addition of spike rates with the Hodgkin-Huxley model: the profile of the presynaptic voltage profile for the input neurons (blue and cyan), the superposed synaptic
current (green), the post-synaptic voltage profile (red)
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to store all the spikes seen so far. The negative leak λ and the saturate flag
κ ensure that the membrane potential will converge to zero in the absence of
input. In the case of constant factor division, we need to output one spike for
each C spikes seen so far. To do so, we set a positive threshold α proportional
to C and weight s0 to one. We also set the leak to zero and linear reset mode
(γ = 2); see Fig. 5 for the simulation results.
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Fig. 5. Constant multiplication and division of the spike rates with the TrueNorth
model: 2 · blue = green, 13 · blue = red (n1 – blue; n2 – green; n3 – red). Refer to the
caption of Fig. 3 for interpretation of the spike activity

Constant multiplication using the Hodgkin-Huxley model can only be
performed if the synaptic current and the input spike rate satisfy the following
requirements: (i) The length of the synaptic current pulse must be proportional
to the multiplication constant C; (ii) The input arrival rate is low enough to
allow the synaptic current to attenuate to its resting value before the arrival of
the next spike from the pre-synaptic neuron. To satisfy the first requirement it
is necessary to control both the amplitude and the width of the synaptic current.
As the difference-of-two-exponentials allows to adjust both rise and decay times
of the synaptic current, this model shows the best results. Fig. 6 shows the
simulation trial of performing the multiplication of the input rate by four.
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Fig. 6. Constant multiplication of the spike rates with the Hodgkin-Huxley model:
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respectively), and the total synaptic current (red)

5.3

Computing Subtraction

Subtraction using the TrueNorth model is realized analogously to addition: the subtrahend though receives the weight of −1. Such implementation
is inherently sensitive to the input timing: if the spikes from the subtrahend
neuron happen before the spikes of the minuend neuron, the circuit computes
max(0, r1 − r2 ), i.e. if the actual difference is negative, no spikes are outputted.
Conversely, if at a time step ti the output neuron receives the spike from the
minuend, it needs to compute the running result and the correct way would be
also to generate an action potential, although a spike from the subtrahend after
an arbitrary silence interval would make the running result incorrect until the
next spike from the minuend. The necessary and sufficient condition to ensure
the correctness of the result is V = 0 at the end of the trial. Fig. 7 shows the
simulation results for the randomized input.
Subtraction using the Hodgkin-Huxley model can only be performed
when the following assumption on the inputs is met: Since the model does not
have a mechanism to memorize the occurrences of spikes from the input neurons,
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Fig. 7. Subtraction in the spike rates with the TrueNorth model: blue − green = red
(n1 – blue; n2 – green; n3 – red). Refer to the caption of Fig. 3 for interpretation of
the spike activity

all action potentials of the subtrahend neuron should coincide (up to the small
time difference) with the action potential of the minuend neuron.

Minimum/Maximum using the TrueNorth model is based on the fact,
that the subtraction actually computes max(0, r1 − r2 ). We now can construct
the minimum and maximum operators compositionally as follows: min(r1 , r2 ) =
r1 − max(0, r1 − r2 ), and max(r1 , r2 ) = r2 + max(0, r1 − r2 ). Fig. 8 shows the
simulation results of performing these computations.
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on average, is added to separate the results from the inputs.
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Conclusions and Outlook

In this paper we showed how two inherently different models of spiking neurons,
one coming from neuroscience, and the other coming from computer engineering,
can be configured to perform their computations on spike rates. This work is a
step towards our ultimate goal, of developing a unified framework, for operating
both qualitatively and quantitatively on signals using spiking neurons.
The correctness of the results for both models, depends on the operation
being performed, and the spike profile of the inputs. According to the results,
the TrueNorth model is less restrictive than the Hodgkin-Huxley model, in terms
of the input assumptions required for obtaining correct computational results.
The model of synaptic transmission is crucial in the biophysical neural model,
for performing the computation, and obtaining correct results.
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